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Mass generation without phase coherence at nonzero temperature

Costas G. Strouthos and David N. Walters
Department of Physics, University of Wales Swansea, Singleton Park, Swansea SA2 8PP, United Kingdom

~Received 11 December 2002; published 19 February 2003!

We present results from numerical simulations of the (211)D SU(2)^ SU(2) Nambu–Jona-Lasinio model
with Nf54 fermion flavors at zero and nonzero temperatureT. At zero temperature, critical exponents ex-
tracted from the scaling of the order parameter and fermion mass are found to be consistent with next-to-
leading order predictions of the 1/Nf expansion. At nonzero temperature we observe fermion mass generation
despite the lack of chiral symmetry breaking, which is forbidden by the Colemann-Mermin-Wagner theorem
for all T.0. We study the effects of lattice discretization and finite volume on the dynamically generated
fermion mass. By studying the lattice dispersion relation we also show that in the hot phase there is no
significant temperature induced modification to the speed of light. Studies of the equation of state are made by
measuring the pressure as a function of temperature and a comparison is made with large-Nf predictions.
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I. INTRODUCTION

The nature of QCD and related field theories at finite te
perature remains a highly active area of both analytic
numerical research. By studying the high temperature tra
tion in strongly interacting theories we gain insight into n
only the hot chirally symmetric phase, but also the co
phase, in which spontaneous chiral symmetry breaking le
to a dynamically generated fermion mass.

In (211)-dimensional field theories the nature of t
transition can be particularly interesting. It has been sho
@2,3# that in the three-dimensional Gross-Neveu model w
a U(1) chiral symmetry at nonzero temperature, there i
regime at temperatures above the Berezinskii-Koster
Thouless transition in which the fermions acquire nonz
mass despite the absence of phase coherence. An analo
phenomenon is found in the physics of strong coupling
low carrier density superconductors. In these mater
Cooper-pair formation occurs below a temperatureT5T*
while theU(1) symmetry remains manifest. The ‘‘local’’ ga
modulus which is neutral underU(1) rotations is nonzero
while the phase of the gap fluctuates violently@1#; this is
known as the pseudogap phase. It is only below a temp
ture T5Tc!T* that phase fluctuations cease and the ma
rial enters a true superconducting phase. This separatio
the temperatures of pair formation and pair condensation
been known of for many years. It remains an open quest
however, whether the dynamic generation of fermion mas
without the breaking of chiral symmetry could be pheno
enologically relevant in particle physics.

In this paper we present a thermodynamic study of
(211)-dimensional SU(2)^ SU(2) Nambu–Jona-Lasinio
~NJL! model on the lattice, with the aim of showing th
these phenomena can occur in theories with more phen
enologically motivated symmetries.

In the continuum, the model is described by the Euclide
Lagrangian density

L5c̄ i]”c i2
g2

2Nf
@~ c̄ ic i !

22~ c̄ ig5tWc i !
2#, ~1!

wheretW[(t1 ,t2 ,t3) are the Pauli spin matrices which ru
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over the internalSU(2) isospin symmetry and are norma
ized such that tr(tatb)52dab . The index i runs overNf

fermion flavors andg2 is the coupling constant of the four
fermion interaction.

The model is chirally symmetric underSU(2)L
^ SU(2)R ; c→(PLU1PRV)c, whereU and V are inde-
pendent globalSU(2) rotations and the operatorsPL,R
[ 1

2 (16g5) project onto left and right handed spinors r
spectively. It is also invariant underU(1)V corresponding to
a conserved baryon number.

The theory becomes considerably easier to treat, both
lytically and numerically, if we introduce scalar and pseud
scalar fields denoted bys andpW respectively. The bosonize
Lagrangian is

L5c̄ i~]”1s1 ig5pW •tW !c i1
Nf

2g2
~s21pW •pW !

5c̄ i~]”1s1 ig5pW •tW !c i1
Nf

4g2
trF†F, ~2!

where the combinationF[s1 ipW •tW is proportional to an
element in the chiral group such that the model is invari
under the rotationF→VFU21.

Apart from any obvious numerical advantages this re
tively simple model has various interesting properties:

~i! The spectrum of excitations contains distinguisha
baryons and mesons, i.e. the elementary fermionsq and the
compositeqq̄ states.

~ii ! At zero temperature and sufficiently strong coupli
g2.gc

2 , chiral symmetry is spontaneously broken, leading
a dynamically generated fermion mass equal toM (0)5^s&
in the large-Nf limit; the pion fields are the associated Gol
stone bosons.

~iii ! For dimensionality 2,d,4 there is an interacting
continuum limit at a critical coupling, which ford53 has a
numerical valuegc

2/a'1.0 to leading order in 1/Nf with a
lattice regularization employed.

~iv! The global symmetries are the same as those o
flavor QCD, for which reason its four-dimensional versio
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has a long history as an effective theory of QCD at interm
diate energies.

Having highlighted the model’s zero temperature prop
ties, let us now discuss what we know of its thermodyna
ics. To leading order in 1/Nf the effective potential has th
same form as the discrete symmetry case with the repl

ment s2→s21pW 2. This implies that chiral symmetry re
mains broken up to a critical temperatureTc5M /2 ln 2 (M is
the zero temperature fermion mass! and that symmetry res
toration at this temperature is associated with the fermi
becoming massless. This conclusion is expected to be v
only whenNf is strictly infinite, i.e. when the fluctuations o
the bosonic fields are neglected, since otherwise it runs
of Coleman-Mermin-Wagner~CMW! theorem @4# which
states that in (211)-dimensional systems a continuous sy
metry must be manifest for allT.0. This behavior may be
understood by noting that, in the language of spin model
domain wall separating regions of oppositely oriented m
netization has an energy which does not increase with
size of the system. If a wall has lengthl and thicknesst, the
energy is; l /t, since the magnetization is allowed to inte
polate continuously@4#. This remains finite even asl ,t→`.
The physics is comparable, therefore, to that of the Is
chain, where a kink also costs only finite energy. AtT501

the magnetization changes discontinuously, but there is
latent heat as the domains can grow to be very large
simple estimate of the entropy@4# reveals that the domain
size grows exponentially with the inverse temperature. St
ies of the critical properties of the (211)D NJL models with
Z2 @5# and U(1) @1–3# chiral symmetries at nonzero tem
perature have shown that the thermally induced phase t
sition of theZ2-symmetric model belongs to the universali
class of the two-dimensional Ising model and that
U(1)-symmetric model has the same phase structure as
two-dimensionalXY model. These results are in accordan
with the dimensional reduction scenario, which predicts t
the long range behavior at the chiral phase transition is
of the (d21) spin model with the same symmetry. This
because the IR region of the system is dominated by the
Matsubara mode of the bosonic field.

In the SU(2)^ SU(2)-symmetric model, one expects
observe fermion mass generation in the absence of symm
breaking at finite temperature, as in the case of theU(1)

model. The local amplituder5As21pW •pW is neutral under
O(4) rotations and may therefore be nonzero without bre
ing the symmetry. Hence, it is possible to have a dynamic
generated fermion massM (T);r whose value may be com
parable to the naive prediction of the large-Nf approach. This
was demonstrated ind5(111) in @6#, in which results from
an exactly soluble fermionic model were generalized to
U(1)-symmetric Gross-Neveu model. As was argued in@3#,
at TÞ0 the fermionic spectral function is modified to
branch cut, implying that the propagating fermion constan
emits and absorbs massless scalars and hence has an
nite chirality. The physical fermion may then be a superp
sition of positive and negative chirality and therefore be n
tral under chiral transformations. It is in this way that o
anticipates mass generation despite manifest symmetry.
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In this study we have carried out lattice simulations w
Nf54. After briefly discussing the lattice formulation of th
model, we present results of simulations atT50 from which
we have extracted the bulk critical exponentsbmag and n.
For TÞ0 we have attempted to study the issue of mass g
eration by measuring the so-called screening or ‘‘spati
massMs(T) and the pole or ‘‘temporal’’ massMt(T). In
order to better understand the relationship between the
we carried out a study of the lattice dispersion relation.
nally, simulation on lattices with various temporal exten
helps to illustrate the nature of finite size and lattice discr
zation effects. Measuring the pressure and making comp
son with the Stefan-Boltzmann limit was found to elucida
the matter further.

II. LATTICE FORMULATION

In its bosonized form, the model may be formulated
the lattice using the action

S5(
i 51

N

(
x

~ x̄ iM @s,pW #x i1 z̄ iM* @s,pW #z i !

1
2N

g2 (
x̃

~s21pW •pW !, ~3!

where x, x̄, z and z̄ each representN independent
Grassmann-valued staggered fermionic fields defined on
tice sitesx, and the auxiliary bosonic fieldss and pW are
defined on dual lattice sitesx̃. The fermion kinetic operator
is given by

Mxy
pq@s,pW #5

1

2
dpqF ~dyx10̂2dyx20̂!

1 (
n51,2

hn~x!~dyx1 n̂2dyx2 n̂ !G
1

1

8
dxy(

^ x̃,x&
@s~ x̃!dpq1 i e~x!pW ~ x̃!•tW pq#,

~4!

where^x̃,x& represents the set of 8 dual lattice sites neig
boring x, and the symbolshn(x) and e(x) are the phases
(21)x01•••1xn21 and (21)x01x11x2 respectively.p,q are
the internalSU(2) isospin indices, which we include explic
itly. Making the replacementg5→e(x), the symmetries de-
fined in the previous section are still observed; i.e.
SU(2)^ SU(2) chiral symmetry remains exact@7#, which is
not the case in lattice QCD. With this replacement, the p
jection operatorsPL,R→Pe,o now project onto even and od
sub-lattices respectively.

This choice of action corresponds to using a functio
weight of detM†M . This doubles the fermionic degrees
freedom, but does allow one to perform simulations usin
hybrid Monte Carlo algorithm, which has the advantage
being exact. Further doubling due to the use of stagge
5-2
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fermions in three dimensions leads to a total ofNf54N con-
tinuum fermion flavors. Trajectory lengths were samp
from a Poisson distribution with a mean of approximate
1.0. This ensures the ergodicity of the ensemble and red
the autocorrelation of successive configurations.

Simulations were carried out on lattices withLs
23Lt sites,

separated by lattice spacinga;1/L, whereL is the ultra-
violet cutoff. In Euclidean spacetime, temperature is ide
fied with the inverse temporal extent, i.e.T51/(Lta). The
temperature of the system may be altered, therefore, by v
ing either b[1/g2, which amounts to varying the lattic
spacing, or by varyingLt . The effective zero temperatur
limit is reached if one choosesLt.Ls@1 and cutoff depen-
dent effects may be explored by varyingb. To reach the
continuum limit one has to satisfy the following two cond
tions: L@T and L@m, wherem is a mass scale inversel
associated with the correlation lengthj of the fluctuations of
the order parameter. The conditionL@T requires a lattice
with sufficiently largeLt@1. This condition not being me
results in the sum over the Matsubara frequencies being t
cated at too small a value. The second condition,L@m,
implies that the couplingb should be tuned toward its criti
cal value at which the correlation lengthj@1. Furthermore,
the conditionLs@j should be satisfied in order to minimiz
finite size effects and obtain results which approximate
thermodynamic limit.

III. RESULTS

A. Zero temperature

In order to study the chiral symmetry of the model first
T50 and then atT.0 we work in the chiral limit; i.e. we
choose not to introduce a bare fermion massm0 into Eq.~3!.
Without the benefit of this interaction, the direction of sym
metry breaking changes over the course of the simula
such thatS[(1/V)( x̃s( x̃) andPW [(1/V)( x̃pW ( x̃) ~whereV
is the lattice volume! average to zero over the ensemble. It
in this way that the absence of spontaneous chiral symm
breaking on the finite lattice is enforced. Instead, we de
an effective order parameter

F[^AS21PW •PW &, ~5!

which is a projection onto the direction of symmetry brea
ing for each configuration. Although this definition allow
one to distinguish between the chirally broken and unbro
phases, it should be noted that the two definitions of
order parameter,F and^s&um0→0, differ by a factor of 1/AV

as it is impossible to disentangle the chiral order param
field in F from the Goldstone modes. We also measure
fermion correlation function for temporal separationt:

C~ t !5At@e2Mt1e2M (Lt2t)# if t5odd,

C~ t !50 if t5even, ~6!

which allows one to extract the fermion pole massM. The
fact thatC(t5even) averages to zero over the ensemble
flects the fact that chiral symmetry is not truly broken on o
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finite size system, as manifest chiral symmetry implies t
theGoo andGee components of the staggered fermion prop
gator should vanish.

We simulated the model on a 363 lattice with repeated
simulations on a 483 lattice near the critical couplingbc

bulk in
order to detect and control finite size effects. Approximat
1000 equilibrated trajectories were generated for each po
Fitting these results to the scaling formsF5a1(bc

bulk

2b)bmag andM5a2(bc
bulk2b)n we were able to extract the

critical exponentsbmag andn. As b→0, the space-time lat-
tice becomes large and coarse and theO(a) lattice discreti-
zation effects become significant. Asb→bc

bulk the decreas-
ing lattice spacing causes the lattice to become less coa
but finite volume effects become dominant. True scaling
havior is limited, therefore, to a particular window, which w
choose as 0.650<b<0.825 by demanding that results of th
fits be stable with respect to the adding and subtracting
individual points. The measured values of the expone
were bmag51.12(2) andn51.10(2) with bc

bulk50.961(5)
and 0.969(3) respectively. Data forF and M versusb are
plotted with the fitted scaling functions in Fig. 1.

Our results forn and bmag are consistent with the 1/Nf
expansion results calculated in@8#:

bmag511
3

2 S 4

p2D 1

Nf
1O 1

Nf
2
;1.15, ~7!

n511
4

3 S 4

p2D 1

Nf
1O 1

Nf
2
;1.14, ~8!

where in our simulationsNf54. The fact that we observe
next-to-leading order corrections, which were not observ
in studies of theZ2 @8# andU(1) @3# models, is because th
O(1/Nf) corrections in Eqs.~7! and ~8! are slightly larger
than in the models of lower symmetry. The fact that there
more light mesons that mediate the interaction in
SU(2)^ SU(2)-symmetric model than in theZ2 and U(1)
models may be the source for the larger deviation from
mean field values, which arebmag5n51 for all three sym-
metries. More accurate values of the exponent could be

FIG. 1. Effective order parameter and fermion mass as functi
of b on 363 and 483 lattices.
5-3
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tracted by performing detailed finite size scaling analyse
the vicinity of the critical point.

In addition to the extraction of critical exponents, th
studies presented here provide a length scale, namely
fermion massM, with which one can present nonzero tem
perature results in a cutoff independent fashion. This is p
formed in the next section.

B. Nonzero temperature

In order to study the model at nonzero temperature
performed simulations on lattices with a constant tempo
extent Lt54 and varying spatial volumesVs5302, 502,
1002, 1502, and 2202. The temperature was varied contin
ously by varyingb,bc

bulk;0.965, at which pointa→0 and
T→`.

The effective order parameter is plotted against temp
ture in Fig. 2. The temperature is normalized by a factor
the zero temperature pole massM (0), in order to make re-
sults cutoff independent as previously discussed. At h
temperature,F is consistent with zero while at low temper
ture there are significant finite size effects. These effects
a signal of the correlation length diverging as one approac
the transition atT501 and the conditionLs@j not being
met. Oncej;Ls one is unable to observe a manifest sy
metry. Our results are consistent with the expectation of c
ral symmetry restoration in the infinite volume limit forT
Þ0.

This picture is supported by the results shown in Fig. 3
which the susceptibility of the order parameter

x5V~^uFu2&2^uFu&2! ~9!

is plotted as a function of temperature. As spatial volume
increased, the pseudo-critical temperatureTc(Ls), i.e. the
position of the peak in susceptibility, decreases, supportin
transition atT501 in the infinite volume limit. Finite size
effects are again very large in the lowT regime, which is
again consistent with the expectation that the correla
length diverges asT→0. It is elucidating to compare ou
results for F and x with those from simulations of the
U(1)-symmetric model@3#, where it was shown that a
Berezinskii-Kosterlitz-Thouless transition separates t

FIG. 2. Effective order parameter vs normalized temperature
various spatial volumes.
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chirally symmetric phases, one critical and one with fin
correlation length. The main observations are the followin
~a! in the U(1) model the finite size effects in the lowT
phase are larger than in theSU(2)^ SU(2) model because
the correlation length is infinite for anyT<TBKT ; ~b! the
positions of the susceptibility peaks in theU(1) model con-
verge to a nonzeroT5TBKT .

In order to address the issue of mass generation withLt
54, we cannot directly extract the fermion mass from te
poral correlators via Eq.~6! as there are no longer enoug
temporal separations over which to carry out a fit. Instead
studying the decay of spatial correlators, we extract the
called screening or ‘‘spatial’’ massMs(T) via

C~s!5As@e2Mss1e2Ms(Ls2s)# if s5odd,

C~s!50 if s5even. ~10!

For free, massless fermions we expect this quantity to be
lowest fermion Matsubara mode, given in the continuum
v0

cont5pT, and on the lattice byv0
lat5sinh21@sin(p/Lt)#;

v0
lat'0.658 forLt54. In the low temperature phase of th

large-Nf limit the ‘‘temporal’’ or pole fermion massMt(T) is
related to the screening or ‘‘spatial’’ massMs(T) via Ms

2

5v0
21Mt

2 , as the effects of the interaction are absorbed
the dynamically generated mass. If 1/Nf effects are taken
into account, however, the relation betweenMt andMs can
be less trivial. In particular, at nonzero temperature the
mionic dispersion relation is expected to reflect the break
of Lorentz invariance via a temperature dependent vacu
polarization termP(kW ,T):

E2~kW ,T!5M2~0!1kW21P~kW ,T!. ~11!

Temperature effects can be absorbed into the thermal m
M (T) and a coefficientA(T) which can differ from 1, im-
plying a temperature dependent modification to the spee
light. The latter effect is expected to be significant forukW u
!T, allowing one to writeP(kW ,T)5a2(T)kW21O(kW4). The
dispersion relation becomes

E2~kW ,T!5M2~T!1A2~T!kW2, ~12!

r FIG. 3. Susceptibility vs normalized temperature for vario
spatial volumes.
5-4
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MASS GENERATION WITHOUT PHASE COHERENCE AT . . . PHYSICAL REVIEW D 67, 034505 ~2003!
whereA25a211. It is simple to show that the relationsh
between the screening and the pole mass is given byA2Ms

2

5Mt
21v0

2 , implying that knowledge ofMs alone is not suf-
ficient to reach a conclusion about the magnitude of the
namical fermion massMt . This issue is investigated later i
this section.

Results from the measurement of the screening mass
the Lt54 simulations on various spatial volumes are p
sented in Fig. 4. The first observation to be made is tha
low temperatureMs(T) is significantly larger thanv0

lat . It is
an interesting aside to note that, as was the case with
U(1) model@3#, the magnitude of the screening mass in o
simulations is comparable to the values extracted from si
lations of theZ2-symmetric model@5# where mass genera
tion is ascribed to orthodox chiral symmetry breaking. Figu
4 shows the mass to be size independent, even though, a
have seen from Fig. 2, the order parameterF has large finite
size effects for allT.0. It is also clear from Fig. 4 thatMs

does not approach a value equal tov0
lat in the limit that T

→`. We attempted to understand this by measuring the
mion mass on lattices with different temporal extentsLt
58, 16 and 24 and for a range of values of the couplingb.
The screening mass measured on lattices with three diffe
values ofLt is presented in Fig. 5. The data are normaliz
by a factor ofv0

lat to make it possible to plot the results o

FIG. 4. Screening mass vs normalized temperature. The h
zontal line represents the lowest Matsubara mode.

FIG. 5. Screening mass vs normalized temperature. In orde
compare differentLt we normalize by a factor ofv0

lat .
03450
-

m
-
at

he
r
u-

e
we

r-

nt
d

the same axes. At low temperature there seems to be nLt
dependence while at high temperature we see that the
crepancy betweenMs(T) and v0

lat is reduced asLt is in-
creased. The effect of finiteLt is that only a finite number of
Matsubara modes are present on the lattice, and when
fermion screening mass becomes comparable with the low
Matsubara modeMs(T);v0

lat , discretization artifacts be
come significant. It is clear that this effect is only appare
when comparison is made with large-Lt data.

In order to gain insight into the effects of finiteLt and
finite physical volume~which at nonzero temperature
translated into finite asymmetry ratioLs /Lt) we studied the
pole mass on different lattice sizes 83482, 163482,
163962 and 243722. The results of the pole mass norma
ized with respect toM (0) are presented in Fig. 6. At thi
point we remind the reader that in order to increaseT, we
decrease the lattice spacinga, which is achieved by tuning
the couplingb toward the bulk critical pointbc

bulk . Compar-
ing curves with the same asymmetry ratios and differentLt ,
such as those extracted from data on lattice sizes 83482

with 163962 and 163482 with 243722, we see that the
finite Lt effects become large asT increases. As in Fig. 5, this
is due to the fermion screening mass becoming compar
with the lowest Matsubara mode. Similarly, the effects
finite spatial extent become more pronounced with tempe
ture, since finite size effects become large when the ferm
correlation length is comparable with the spatial extent of
lattice j;Mt

21;Ls . We have plotted the same data with
different normalization in Fig. 7 and fitted to the form
Mt(T)/T5a1@T/M (0)#a2. We chose to fit only to data with
T/M (0)&0.5, as we know from Fig. 6 that in this regio
finite size and discretization errors are not severe. T
choice is justified by noting that in Fig. 7 the data at largeT
deviate from the fitting line. We found a weak temperatu
dependence, with 0.68,a1,0.85 and21.25,a2,21.12
over the four fits. This is consistent withMt→0 asT→`. In
the future, it would be interesting to compare this result w
next-to-leading order 1/Nf calculations.

As previously discussed, in order to better understand
temperature dependence of Eq.~12! we have studied the fer
mion correlation function at nonzero momentumk
52pn/Ls (n50,1,2, . . . ,Ls/4) in the spatial direction and
used the energyE(k) extracted from Eq.~6! to map out the

ri-

to

FIG. 6. Mt(T)/M (0) vs T/M (0).
5-5
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COSTAS G. STROUTHOS AND DAVID N. WALTERS PHYSICAL REVIEW D67, 034505 ~2003!
fermion dispersion relation. Because of the periodicity of
lattice in spatial dimensions and the doubling of fermi
species, these dispersion relations are symmetric arouk
5p/2. We fitted data from the zero and nonzero tempera
phases to the lattice free fermion dispersion relation@9#

sinh2E5A2sin2k1sinh2Mt . ~13!

Results from the hot phase on a 163482 lattice are shown
with the fitted forms in Fig. 8. The masses extracted from
to E(k) at both T50 and T.0 are consistent with thos
extracted from the zero momentum correlators and yield
ues ofA.1 to within less than 3%. This implies that th
principal physical effect of the hot medium is to generate
nonzero thermal mass, rather than to renormalize the sp
of light. Furthermore, our results show that any extra fact
not included in the free-field ansatz, Eq.~13!, are negligible.
Similar results were extracted by fitting the dispersion re
tion to data from 163962 and 243722 lattices. TheA.1
result provided additional evidence that the nonzero scre
ing mass extracted from our simulations withLt54 implies
that the fermion pole mass is nonzero. We see no modifi
tions to the low momentum part of the dispersion relatio
expected to have two branches atT.0 @10#. These branches
corresponding to two types of quasi-particle excitations~the
fermion and the plasmino!, are not visible in our simulations

FIG. 7. Mt(T)/T vs T/M (0).

FIG. 8. Fermionic dispersion relation vs momentumk. The res-
caled temperatureT/M (0) decreases from 0.165~top! to 0.735
~bottom!.
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Finally, to gain further insight into the thermodynamics
the model, we studied the equation of state by measuring
pressure as a function of temperature using the inte
method @11#. For homogeneous systems the pressureP is
given by

P[
] ln Z

]V U
T

5
ln Z
V

52 f , ~14!

where f is the free energy density. On the lattice the log
rithm of the partition function is calculated from the expe
tation value of the bosonic part of the actionSbos

[2N( x̃@s2( x̃)1pW ( x̃)•pW ( x̃)#. Since the derivative with re-
spect to the bare couplingb is

2
]Z

]b
5^S&, ~15!

the physical free energy density can obtained from

f 5
1

VEb0

b

db8@^Sbos&02^Sbos&T#. ~16!

The free energy density is normalized by subtracting
vacuum contribution calculated atT50. The pressure was
calculated from data on the 431002 lattice while the vacuum
expectation value ofSbos was calculated from data on 363

and 483 lattices. A lattice large-Nf calculation ofP, including
the calculation of the lattice Stefan-Boltzmann limit, is ou
lined in the Appendix. This result calculated on a 431002

lattice is compared with the result extracted from simulatio
with Nf54 on the same lattice size in Fig. 9. The statistic
error in the pressure extracted from simulation data is
proximately 5% of the value ofP for all T. It is striking that
the value ofP/T3 extracted from the simulations does n
reach the Stefan-Boltzmann limit asT→`, an effect found
to be independent of the spatial volume. We believe that
is simply another manifestation of the effect that causes
screening mass not to approachv0

lat asT→`. We interpret it
as a renormalization of discretization artifacts by 1/Nf cor-
rections. Unfortunately, our data on lattices withLt.4 were

FIG. 9. The pressure calculated from the lattice gap equa
and from numerical simulations. In both cases the lattice size
431002.
5-6
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MASS GENERATION WITHOUT PHASE COHERENCE AT . . . PHYSICAL REVIEW D 67, 034505 ~2003!
not sufficient to study the equation of state because the
that asLt becomes large the two contributions to Eq.~16!
converge, in conjunction with the normalization factor
T235Lt

3 , causes statistical errors to swamp any signal in
data.

Drawing the information in this section together, our r
sults provide clear evidence for the fermions acquiring n
zero mass in the absence of chiral symmetry breaking
order to be certain whether mass generation switches o
some value ofT5T* or whether it goes to zero asymptot
cally at T→`, we would need to simulate the model o
lattices with much larger temporal and spatial extents.

IV. CONCLUSIONS

The SU(2)^ SU(2)-symmetric NJL model is known to
have a rich and interesting phase diagram@12#. In 311 di-
mensions, the phase at high temperature and low ba
chemical potentialm shows conventional symmetry restor
tion via aTÞ0 transition. The high-m low-T phase appear
to be that of a BCS superfluid, while a study of the region
high m and above the critical temperature shows it to beh
as if in a pseudogap phase@13#. Analogous to strong cou
pling superconductors there are two distinct critical tempe
tures:~a! T* below which there is manifest baryon numb
symmetry but no mass gapD and~b! Tc below which normal
superfluidity occurs. In 211 dimensions Monte Carlo simu
lations have shown there to be a ‘‘thin film’’ superfluid pha
at high chemical potential and zero temperature with lo
range phase coherence, but no mass gap generated abo
Fermi surface@14#. Although similar in nature to the 2DXY
spin model, a unique critical exponent seems to put the h
m phase in a new universality class.

In this paper we have presented a thermodynamic lat
study of the (211)-dimensional NJL model atm50. We
find the model to have manifest chiral symmetry for allT
Þ0 in accordance with the CMW theorem. As temperatur
reduced, the susceptibility of the order parameter begin
diverge and is consistent with there being a phase trans
at T501. We observe mass generation atTÞ0 which is in
agreement with calculations carried out in the limit thatNf
→`, where fluctuations of the bosonic fields are neglect
In this limit, however, mass generation is associated w
chiral symmetry breaking in the standard way.

By studying the so-called ‘‘screening’’ massMs(T), we
have shown that at low but nonzero temperature,Ms@v0,
the lowest Matsubara mode. With a temporal extent ofLt
54, we observed that the spatial mass fails to approachv0
in the T→` limit. This effect is also observed in the equ
tion of state, where asT→`, the pressure fails to approac
the Stefan-Boltzmann limit. This is due to the fact that wh
Lt is small there are only a small number of Matsuba
modes available, an effect which becomes noticeable at
temperatures, whereMs;v0. Results from measurements
Ms on lattices withLt.4 have shown this to be a discret
zation effect which is reduced whenLt@1. By studying the
fermion dispersion relation, we have also shown that a
temperature dependent modification to the relationship
tweenMs and Mt is negligible, implying that we have un
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ambiguous evidence that atT.0 we observe mass gener
tion despite the lack of chiral symmetry breaking. It
interesting to note that the value ofMs(T) is of the same
magnitude as it is in the model withZ2 chiral symmetry@3#,
in which mass generation is ascribed to conventional sy
metry breaking. To support our evidence of mass genera
from the measurement ofMs we have also measured the po
mass directly on lattices withLt@1. At high temperatures
we observe large finite size effects as the correlation len
of the low-mass fermion becomes comparable to the spa
extent of the system. At low temperatures, however, we
serve that the mass moves smoothly toward its zero temp
ture value. As with the results from theU(1) model, we take
this as further support for Witten’s statement@6# that when
interpreted correctly, the large-Nf expansion is a reliable
guide to the properties of the model. Although the CM
theorem forbids the large-Nf prediction of symmetry break
ing at T.0, the prediction of a dynamically generated fe
mion mass is adhered to. In this case the propagating ferm
constantly emits and absorbs massless scalars and henc
indefinite chirality. As was argued in@3#, theTÞ0 fermionic
spectral function is modified to a branch cut. In this mod
we observe mass generation without phase coherence; i.e
have a pseudogap phase forT.0. At this stage, however, we
cannot say whether there is a phase transition at some
peratureT* or the fermion mass goes asymptotically to ze
asT→`. In order to study this regime~corresponding toa
→0) it is necessary to perform new simulations on lattic
with largerLt andLs .
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APPENDIX: LARGE- Nf CALCULATION
OF THE PRESSURE

In this appendix we outline a derivation for the pressure
the large-Nf limit on the lattice. In Sec. II we define ou
model in terms of staggered fermion fields which are defin
on sitesx of the space-time lattice. Ind dimensions, fermion
doubling gives rise to 2d degrees of freedom per naive lattic
flavor, which in the staggered formalism are interpreted
2d/4 ‘‘tastes’’1 of Dirac spinor. This is easier to understand
we redefine the fields on a blocked lattice, with each sity
associated with 2d sites of the original lattice@15#. The ki-
netic operator then tends to the continuum Dirac operato
the limit a→0, with a pole in the propagator only at zer
momentum. We apply this formalism, which is outlined f
an odd number of dimensions in@16#, in the case thatd
53. Defining the 232 matricesGA5t1

A1t2
A2t3

A3 and BA5

(2t1)A1(2t2)A2(2t3)A3, we carry out a unitary transfor
mation to new fields:

1We use the term ‘‘tastes’’ here to distinguish these 2 Kog
Susskind flavors from ourN lattice andNf continuum flavors.
5-7
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ui
aap~y!5

1

4A2
ui

aap~y!5
1

4A2
(
A

GA
aapx i~A,y!,

di
aap~y!5

1

4A2
(
A

BA
aapx i~A,y!, ~A1!

wherey denotes a site on the ‘‘blocked’’ lattice with spacin
2a andA labels a site on a 23 cube with its origin at sitey.
Each sitex of the original lattice corresponds, therefore, to
unique choice ofy andA. The combination

qi
aap~y!5S ui

a~y!

di
a~y!

D ap

~A2!

may then be interpreted as a fermion field with spinor ind
a, ‘‘taste’’ index a and isospin indexp.

We identify the pressure with the negative of the fr
energy density2 f 5(T/Vs)ln Z, whereVs is the spatial vol-
ume of the lattice. In the large-Nf limit fluctuations in the
bosonic fields are ignored and the partition function is giv
by

Z5E dqdq̄ expS 2(
i 51

N

(
k

q̄iM
†~k!M ~k!qi D exp~2Sbos!

5S)
k

detM ~k! D 2N

e2Sbos, ~A3!

where the fermionic action is written in terms of the fieldsq

and q̄ recast in Fourier space. The effective fermion kine
operator as a function of fermion momentumkm is @8#

M ~k!5 (
m51

3
i

2
$~gm ^ 12^ 12!sin 2km

1~g4^ tm* ^ 12!~12cos 2km!%

1~14^ 12^ 12!S, ~A4!
.

ys

03450
x

n

and the bosonic action is

Sbos5
2Ls

2LtNS2

g2
. ~A5!

In the tensor products in Eq.~A4! the first matrix acts on
spinor, the second on ‘‘taste’’ and the third on isospinor
dices.S is the mean field equivalent ofs( x̃). Because the
blocked lattice spacing is 2a, the Brillouin zone ranges from
2p/2a to p/2a, meaning that the allowed momenta are

km5
pnm

Ls
, nm50,61, . . . ,6Ls/2 for m51,2

km5
p~2nm11!

2Lt
,

nm50,61, . . . ,6Lt/2 for m53, ~A6!

wherea has been set to 1.
The determinant of Eq.~A4! is calculated as

detM ~k!5F1

4 (
m51

3

~sin22km14 sin4km!1S2G8

, ~A7!

so the unsubtracted free energy density is therefore

f 52
1

Ls
2Lt

ln Z5
22N

Ls
2Lt

(
k

ln detM ~k!1
2NS2

g2
.

~A8!

As was done with the lattice data, we normalize this by s
tracting the zero temperature contribution so that the p
sure as a function of temperature is defined as

P52~ f T2 f 0!. ~A9!

Finally, the Stefan-Boltzmann limit is found by calculatin
Eq. ~A9! with S→0, which corresponds toT→`.
er,

.
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